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ABSTRACT 

The these nlane, or displacerent versus velocity ple#ne, while 
rel tively new to the enrineering field, is particulerly suited to 
furnishine - comprehensive rrapl.ical Gisvley of nonlinesrities operating 
under certain conditions. 

Although a successive phase plane applic. tion is required to cis- 
pizy a system of order sreater than two, a one nicture phase plane 
presentction is acequate for predicting the steaoility and transient 
performance of a second orcer systen, 

Backlash effects are investigated by phase plone techniques in this 
thesis. 

The writer wishes to express his appreciation te Dr. Gcorre J. Thaleng 


without whose assistance and encourifenent, this thesis would not have seen 
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1. Backlash 


Backlash is a real engineering problem. It exists in all gear 








trains to a greater or lesser extent and in multipvle gear arrangements, 
is the sum of the backlash errors of the individual sears. Dependent 
uoon where the servo mecl.anism error is measured, backlash contributes 
either to the steady state error, or instability of the system. 3ack- 
lash is not always detrimental to system performance for wnen controlled 
can oe used to introduce a slight "dither" to a system, whict may be 
used to provide pood lubrication and freedom from stictional effects. 
The second order system consisting of motor and load is treated as 
two linear systems onverating sequentially (a) during the period when the 
backlash is taken up and the load is being iriven by the motor and (0) 
when the load is drifting separately in the backlash region with the 
motor being controlled vy an error sirnal generated trom output measured 


at either load shaft or motor shaft. Both locations of outout measure- 


ment are considered. 








2. Dividing Lines 

System response may be predicted on the phase plane by the loci of 
four dividing lines in conjunction wit! system isociines: (a) system 
separation line (b) velocity and disvlacement of system without load at 
time of recombination (c) velocity and displacement of load at time of 
recombination (d) velocity and, displacement of recombined system after 


momentum conservation conditions have been satisfied. 


This study treats all recombinations as being inelastic. 

when an error exists in a system, anc the system is correcting with 
the backlash taken uo, a decelerating torque must eventually be applied 
the motor. At some time afterward, providing viscous friction is not 
infinite at the load, and that coulomb friction of load can be neglected, 
the velocities of the motor and load become different, mechanical con- 


tact is lost and separation occurs. This line of separation is a 





straight line consistine of that isocline or constant slope line at which 
the load trajectory and the trajectory of the system with load removed, 
have a common slove. It may be called the "Separation dividing line". 
Past the separation dividing line, the system ovcrates in the backlash 
reg’on during which time the load drifts separately, with undiminished 
velocity if its viscous friction is nepligiole or with a constant de- 
celeration oresuming all friction is viscous. Tle remainder of the system 
acts as a stable system with decreased inertia and spirals in towards a 
stable focus if system output is measured at motor shaft. If the system 
outout is measured at the drifting load, the system does not behave 
stably in the backlash region but continues to drive in the reverse 


direction until the backlash has taken uo an* system outout completely 





corrected as to displacement. From this it may be seen that when the 
system output is measured at the drifting load, backlash between motor 
and load may make an overdamped system osciilatory. 


The initial position of system velocity and displacement on the 


separation dividing line determines two pvoints on the vhase plane, load 










velocity and displacement at instant of recombination, and system without 
load velocity and displacement at instant of recombination. The loci of 
these two noints constitute dividing lines listed in (b) and (c) above. 
wach pair of corresponding points for load and system without load, 
velocity and displacement at recombination, in turn determine a point 
on the locus for recombined system velocity and displacement. This fina 
point is obtained from satisfying the conservation of momentum considera- 
tions where individual momentums are defined for load and system without 
load. Trajectories for the recombined system originate from this final 
dividing line and the system retains its original characteristics until 
the next separation dividing line is reached, after which, separation and 
recombination occur as in the previous half cycle. 
If in response to a steno displacement, the systen attains a aquiescen 


condition, with or without steady state displacement error, the system is 


said to be stable. 
If the final state of the system is one of a constant amnlitude 
oscillation, the system is said to have a limit cycle. The mamitude of 


this limit cycle may be determined by any of the possible non linearities 
of the system, dead zone, etc. but in this tresis, only limit cycles 


resulting from backlash are considered. 








3. Output meosured et motor shaft, load having viscous friction. 
Consider first, the system in which the output measuring device is 
mounted on the motor shaft. The backlash existing in the gear train be- 
ween motor and load is outside of the feedback loop as shown in "Fig.1",. 
The closed loop is completely linear, Ultimate stability with a steady 
state displacement error less than or equal to the amount of the backlash 
is the result. The drifting load can at most store energy and since the 
load does not determine the output measurement, it does not demand more 
power from the source than is required, The combined viscous friction 


of the load and the system without load represent energy dissinations 


which insure stebility, 





Figure (1) 


When the backlash is taken up, the differential equations for the systen 


are: 


(1) fy (N Um 44 )e + (Vim r fe ) = 7 
(2) 7 = ae ie 


(3) 
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Where 
K, = motor torque constent at Ng, ¢ hha = a Ag 
* a sys 
= volts ‘en 
| Ky = motor generator constant area ee = withor 
Ko = 5 volts - 
K3 = error neasurement constant = Bik, K 
R = armature resistance : 
= : rad, motor 
} N gear ratio rad, output fp os Fy 
é : ; oe 
Jm = inertia of system ft. lbs N 
without load rad./sece” 
QO, = ordered displacement ©, = displacement of loac 
@. = displacement of On = displecemont of | 
combined system system without load 
Letting ye =] Or, =1 


From equation (6), to obtain the equation for the isoclines of the 


combined system: 


mM @& + (Fate \ 6, =f A_ (7 ~@. 
We wy wie 12h | 











, . / - 7 
Lettine Ce . a a ee 7 yas ) ee 
a ( a y, 
a Pe Sa ce ‘C7 io 
(9) : 7 i ee 
or = / = a, a a eae Se 
Bei 7s oy 
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When the system with load removed constitutes a closed system, an 


equation for the isoclines may be written as follows: 


(9) Yon Op ee ( Ue a” 
(10) - | ge We La 
(7 = fo aia C= Sr 

I 7, 


Ve, : 


where 


Under deceleration conditions, when the velocity of the system without 






load is equal to the velocity of the load driftinz separately, separation 
occurs and the backlash becomes operative. The isocline for the drifting 


load is determined by the friction and inertia of the load. 


(11) Tae ee ee 
(12) Ci 2 wee Ce 


en A 2. 


To prove that the system remains combined until it reaches the isocline 


of the system without load which has the same slope as the load trajectory, 


consider the following, assuming that V7 ~. ee = Gy 
( 


as Shown in ‘fie. 2" 














Figure (2) 
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where ae 2 aoe at time of separation 
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if separation is attempted when ”, for the combined system 
isocline is equal to “s for the drifting loaa, the motor will ac- 
celerate, keeping the system combined until a for the system without 
load is common with a of the drifting load. 

To find the loci for the dividing lines: 
(a) system without load velocity and displacement at recombination, 


(6) load velocity and displacenent at time of recombination, the enua- 





tions of the individual systems are solved as linear equations, using 
initial conditions determined from 3B @ on the separation dividing lines, 
and final conditions ietermined by the amount of backlash to be taken ud. 


Yor the combined system: 
(15) ( Sm ia A) & oe (fn a Va) Chm # Ae. = a 


7 











For the system with load removed: 
as) Sm Gn + /m Om ¢ Om = Op 


For the load drifting separately 


Bee ch) es ene ee 







At separation 
ae = ees — ee = displacement of system with/without 
load 


oe 
oe 


Orr. = Ge a — = velocity of system with/without load 
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Putting these conditions into the system with load removed and solving 


yields: 


an 


2 a ed 
(18) C,, ( 5S # fm s +£ ha = ji@r 4 5 GCs 


x as (le o Ta OO. = 


Sern 


Since the isoclines are straight lines, CF nm. = ta g 
SG. 








CO - 


NO 


where g is the angle the common loid, system without load isocline 


makes with the positive Cs 7 Oz axis. Ome may be expressed in 


terms of as 
(19) oa Be + Ome 
[a 1? o 
Equation (18) then reduces to 
8 








i YY i ne ) = \& . 
Soc ae 7 (a.7- oe 7 Le | ee 
5(5*, Fm s+ Zs) Vor 
Va Um 2 = 
7 Sly 
™ fy 
(1) 3 : | 
C7 J @r a Ge + Gn sy SE + 5S Ce 
oe 
s*+ £2 —_ Se ae 
( ee One ae r 


For the load only, imposing initial conditions yiel¢s: 


ce) CL = (Orr Bee) oe = Oxo 


Sa ee 
(23) a a 
cS = (Qe 


Oe 
7s 
When recombination occurs, neglecting el-stic bounce of genr teeth, 


@r, ond ©, change instent-neously in accordance with the law of 


conservetion of monentum, to satisfy the following equation: 


@) (Mn # J.) Qo = Ye 


es 


The loci of the divicinc lines for Om Cm ©x 
) J 2 ey 








Ce } = at recombination are obtained as follows: 
Equations (20) and (22) are solved as a function of time and 


plotted with an arbitrary ordinate scale, for example let 1 in. ordi- 
nate displacement = 1 rad., as in "tig. 3", which is representative of 


any system where backlash is outside the feedback loop. 


O. 








a (Sec. ) 


Figure (3) 


‘ 


To find time (t) at which .2 rad. backlash is taken uo given an initial 





condition of or = .5, proceed as follows: Since above fipure was 


plotted using ©... as a pirameter with 1 rad. = 1 in., let 


bi 
ordinate = scale of 1 rad = 2 in. = /.5. .2 rad. backlash repre- 
sented by separation between ©, and ©),, is now equal to .) in. 
Wit! dividers, fit . in. to time (t) for recombination. (t) is 


found to be .95 sec 


10 











x 
v (cc) 


Figure (1) 





To find time (t) at which . 2 rad. backlash is taken up given an initial 


condition of C.. = .2, let ordinate scale be 1 rad. = 5 ins or 





J in. = .? rad. Backlash of .? rad is now equal to lin. with dividers 


fit 1 in. between CG and @,, , read (t) on atwissa equal to 1.45 seen 


jk 
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ia (ae) 


Figure (5) 














To find time (t) at which . 2 rad backlash is taken up piven an initial 


condition of ne = - 1, let ordinate scale bel rad. = 1) in. oF 


lin. =. 1 rad. Backlash of - 2 rad is now equal to ? in, With dividers 


fit 2 in. between eS and ‘oe » read (t) on ateissa at 2.05 sec. 


Complete loci of dividing lines are obtained by substituting values 


of (t) obtained from initial conditions of eo, 


me), (07), and (23). Resulting values of On, Cm, EL ECE, 


» into equations (20), 


are then plotted on the phase plane. Cc. and €2), are obtained by 


substituting values of 7m and © » from equations (21) and (23) 


into equation (2h), for corresponding times, 
In the case where output is measured at the motor shaft, 


upon recombination is equal to the displacement of G+ when system 


output is measured at the load, ©, upon recombination is equal to 


the displacement of © , 
= 12 








4e Stabdility 
A spot check of svability may be mode at any particuler recombination 
point by treating the phase plane trajectories as logarithmic spirals with 
| trensformations :s follows 
For the combined system let Ge a yy, =/ Se 
Pe Ye. = fs, ¢ Hew 17 © 


6. Ke. Ke 
ea. = we we. re 

ee SS eae ae 

Oo SY 

() Le7 6, = &(OR- Oc) 
(28) dO, = Cra ee oa = oe 
(29) OF Ce = ay, 

(Or ee er Yes = 


(30) Paes = ie a S¢ 
(€x- ez) Cae 


(31) eo Jz CAS 
Uies GE ee 
(32) Lt lar Bia fo ae 4S?) 
(33) Dae Ve Ye Vaz z 
V oe ee DP sec*Z ee 
es)  — li (Bp Bx Oren Mii 
(> So. ) see 


= Upceae - ey, a «- Kyt © 


mec 
ae 7 ie me, 
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(36) a ic ee 7 






Sle ae a 
ae 
76 Jay 4 VES EC 
LY, On (Cx - ee) 7 WY) ten ee 


AG TAS ae Oe- ZH - &) 
| - (4 fe) QT AS ©.) a 


To determine if a particular recombination point on e trajectory is 


ye oes 
Vie 


Ta 








(37) 





approaching stability (i.e., the recombined trajectory is closer to the 
stable focus than prior to separation), it is necessary to compare values 
of C obtained from the coordinates of the trajectory where separation 
occurs and from the coordinates, where reconbdination occurs, 


the conserv:tion of momentum criteria having been first satisfied. 


G8) CC 










- 47 0.(Cn- On) + Ke (Ex - ON 
Ce ae | 
Ce EE Oo a Bh (er 7 a) 
; y= Tee ; z 
vag" (a) 1K 








tec ( CG, Cc ) recombined ” C (@2 € ) unseparated, the trajector} 
? ) Ss 


will diverge into a limit cycle. This comparison of values of © is 


illustrated in Fig. 4. This method is aoplied to test limit cycles 









developed in cases III and Te 


Cb 


C, 
a 50/74 7a ey 





Cz 


ite CCGA pene a 


Figure (6) 


15 








5. Output measured at load, load having viscous friction, 
When the backlash is placed inside the feedback loop, i.e., when 
the output is measured at the load, the configuration of the system is 


as illustrated in Fis. 7, 


MOTOR 





Figure (7) 


In the combined region, behavior of the system is identical to that of 








the system described in section three; however, the system with load re- 
moved, as it is when in the backlash region, is no longer a closed system. 
The system with load removed is driven open loop and attempts to correct 
the error as usual, It is prevented from doing so by the existence of 
becklash., In this attempt, the inertia of the system with load removed 
develops a momentum which in an underdamped system always causes instabil 
and a consequent limit cycle, but for the presence of coulomb friction. 
Eaurtion (9) reduces to 
0) Un Gn + lm On = K (&- G) 
Since fron equation (22), QO, in La Place form is equal to 
Ce ( a é 
i —_——— a7 a 
Tin DB oe os 
0 RR ok an aE nce es ees 
es ee 
( Zz 


equation (20) is reduced to 
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(0) ee cae 7 ae a Z \ 
oe 77 2 (s+ ee (i. 
‘ tins ae ) 4 <. 
(41) ae Ki) (- F < 
_ "le p) — Ven 7 = 
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Since the system with load removed is not suitable for the isocline 
method, a time solution of equations (110) and (1) is required. 

A vlot of t versus ©, and © result in a graph similar to Fig. 8 
and is used as previously described in section three to give values of 


(t) for computation of G,,, | Gn, e, ea Go, ©, dividing lines. 
J 


Ow 


(2) 


Figure (8) 
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6. Case I. Output measured at motor shaft. 


Given system 






Combined 
ey Cee = 
Systen with load separated 
eee. Heese eo 7 
Load 

hy) .£@. 4 .52Q@ = © 

Backlash . 2 rad. 


Isocline at which load separates from system is determined fror load 


eouation. | 

ey eee 
‘ee 

Cx 
To find isoclines of combined systen letting Or =a 
(46) 7 oC ee 

: es 

Computed values of arctan Ce for various values of N. are as listed 


We Oo 
in table one. 
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To find isoclines of system with load separated 


Ve aC 


arctan 
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O,7, 


Table (2) 






On 





arctan 








eee 
(20 


12.95 ° 
19.35 ° 
25.5 ° 
36.5 ° 
lore 
1.6 ° 
bS.75 ° 
50.u5 ~ 
Bs. 
55.95 — 


Loe 
65.85 
69.45 ° 


oO 
iol 
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To obtain loci for Gy — QO. © dividing lines, it is necessary to 


solve equations for &, , ©, using initial conditions determined from 



























separation dividing line of V3 ae 


(48) 6. 2 er ey eae Se 


in vaPlace form 





6, L666 4 6On5 ~ . CBOke Fea 
(9) i. = 
Co Pa Soke iy) 
Roots of quadratic factor are — f£ Ft yy Vi ae 
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For load separately 


In La Place Form 





(53) ee ei Ome + Ome 
iC Sao ) iS 
- a 
(Sh) E> = One (7 oe ) te Om o 


: . ete 
(55) eo, = Ome e 


Kquations (51) and (4) are evaluated at times indicated from factors 
listed in Table three. These equations are then plotted for O, of .i te 


produce a graoh similar to Fig. 3., from which values of time for recom- 





bination are obtained for various intial valves of Ovo, 
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Tavie 3 ” 
TPT aes eae eC =o Om en 
“at i222 ~9 4502 .9232 29096 09096 









225 9231 R55 0183 .01%3 
as oi 76 scoer 7260 noes .O32a5 

| us ATE .7866 A190 01431 20476 
8 8305 ~7269 ©5275 04493 2059 


| 1.9 908 -€700 1500 20515 «0688 


ne 2999 4518 2o20G 9503 Oma 
ie 962 © 54,00 BS OHS Ol 32 OFT 
Bes. O70 oP 65 02370 -0321 20955 
259 sega 4490 «2020 202 3h 0955) 
o2 2275 LLS a T20 2OLLS 01035 
263 Bis » 3085 1590 0103 105 
Ons «750 3680 -bo55 .0023 «10g 
Bao - ©0136 359 1250 - 9913 01995 
2.8 e230 3260 Ribs -.9077 1115 
Be =eecd 2780 20779 -.9159 01153 
3.5 aor 2,40 69H Prone maby 
3.9 =.0975 22190 ~W4h9 =.0171 2119h 


From plotting and scaling as described in section three, it was deter- 
mined that .2 rad. backlash war taken up at times irdicated in Table 
four corresponding to initial separation values of Om, as indicated. 
Values of On a ©, 6, were obtained from substitution of values 
of Ome and t, in equations (51) (52), (54) and (55). Values or ©, 


were obtained from substituting values of a, and e, into equation ( 2)‘ 





ae 












Table 


Ome ie On Om OX Or. Cu recombined 
9 es 1.460 -.05°) 1.660 site <LiE5o 























a eS 1.406 -.00h5 15607 23195 0648 


ey 3 1.38 ety 1.58 262 “50e 
5 ae 1.288 =.139 2,889 208 0055 
Al et) 226 =i ize 159 ~.0213 
ah 1.59 Laer Sve Ww 1.360 LL? -.905 
5s 1.825 1.080 -.126h 1.289 697 =. 338 
a2 25 i013 Ou 14013 .0298 =.0360 
aS out -.0605 ~.9195 1.136 20151 =2005% 


Dividing lines were plotted on the piase plane of the system shown in 
Fig. 9. Phase trajectories were formed by standard phase plane tech- 
niques. The transient response of the system as obtained from the 

phase plane by methods outlined in Control System Synthesis by Truxal, 
pare 629, is shown in fie. 19. Values of displacement versus time for 


transient response are listed in Taodle five. 
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Tadle 5 


¢ on Om 0, t OC, EO, 

258 6026 bafLG 09929 09929 
eee on 5eALO 2986 986 

759 “2 6.91) ooo 2977 
i133 ol 6.210 9681 9 642 
ely 2 56 E119 09635 956) 
1.805 8 6.41 2619 991 
P2221 1.0 


Separation occurs at O,, .h2 


Pagel 1.0393 1.0393 
Pai | 1.075 iors 
P62 Teish ih 

3.021 1202 eZie 
Bao? 1 Peer Ane 
B.h21 1.206 1.315 
Bef 2l elas ere 1.358 


Recombination occurs 


4.369 1.130 


MeO 3T 1.08 
5.545 1.01 
5.61 100 


Separntion occurs at O,, =<.07) 


From Fig.9 it may be seen that the system as described is stable and 
contains a residual steady state displacement error qj the amount of 


the backlash. 4 stev displacement invut of 1.0 is seen to separate 


ai 








into load and system without load at © = fe Coe li2, av polmeenm 
The load is seen to follow a constant deceleration isocline of -.8 
while the system without the load converges towards the stable focus. 
Kecombination occurs when the system without load is at B and the 

load is at B“ . The momentum balance causes the recombined trajectory 
to originate from point C. Separation reoccurs at point D and recom- 
bination does not occur thereafter since the output measuring device 

is inside the .:imits of the backlash. The load comes to rest with 
-.091 rad. residual error. 

A sten displacement input originating at Cs O.=1 is seen to 
separate at ©, = 1, recombine when the system without load is at E 
and the load is at & ‘ - The recombined trajectory is seen to originate 
from F, reseparate at G, recombine at H, H” » . and separate again at J 
where the outout detector is once again inside the backlash region so that 
furtner correction is impossible. 

Fig. 10 describes the transient response to a steo displacement in- 
out of 1.0 rad. From the fipure it may be seen that system resonant fre- 
quency changes between combined and uncomrined systems, and that velocity 
changes abruptly upon recombination. 


Pig. tl is a plot of Om OL at separation. 
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7. Case II. Outvut measured at motor shaft. 
Load possesses no viscous friction. 

Given system. 

Combined 


ee ee ae 


System as closed loop with load separated. 
co eo ae eee 
Load separately 

ee. 

Backlash .3 rad. 


Isocline at which load separates from system is determined bv the 


isocline equation for the load. 


(58) AS Cae eee ig 


to find the isoclines for the combined system, letting @» = 1 
= CC, 


Ey 77, % oe ee 


Slopes of the isoclines are given in Table six. 








a7, Gre Tern 7, i oe & 
CO O42 ae =O0.2° 0 =5 OS hoe 
10 215 ae mi ae3 | 25 7 
7 ato 0 Ste meet Be 36 
pe 30-6 eel aie eto 5.83 
3 S35 | eae aC Ord 
Ceo a20185 aes 84.3 ° 
BOM a2h.S° oe, 33 
ee 2303S" jeer con 
i 2eee55.c5 eine 51.35 
Or 239.0 Beet? hs © 
Bal wal”) Desins so. 
5 255 250 25.05 
Be) 2b3c | Bees an 


To find isoclines for the system with load separated 


Zo) 7, 7. = fea 


Cun 
Slopes of the isoclines are given in Table seven. 
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Table 7 


Ne Qre rece Om ve Ca vee Ca 


a oC eet one /- Om 
10 =LOw39 - are Se 
7 215.52 ans as 
5 Sree al cog 
3 Alia Te 
2.5 eolnom ay P16 © 
2.0 =30.8” 21.0 3k 
1.5 SheruGec | pele 6R,2 © 
De? ele a Eee ee 
1.0 Seo => 10 ee 
7 Cece Eee 3.6 
5 Seoeis Se 3.0 ec 
3 Oi 5.0 eo 
2 anne 2750 ce 
mit aioe. Sis) 11.78 
0 “7eey 


(> obtain dividing lines for G@, O42 G& a Cee, at 
} 


recombination, 


o@ 
aoe 


(57) Be pte (eee ee 


In LaPlace form 








(61) On = Te ee ra 
iu ee 

oe Poe ey ae d 
Roots of quadratic factor are ee Zy Ve 
Oe a Ne de ae eer ~ 2) 
where = 14,25 © 


/ Bis 








-.207 ; 
(Gg) On = FO we SE ee 
ee | 
eC Ee 


ce Ge oc ta 


for load separately 


(64) O, = 4 + Ge 
(465) Ce. = oa f Ce 


Substituting values of (t) in factors of equation (62) results in valiee 


of Table eight. 


Table & -.2 
c slit C g) 7 sinft4-p) © ‘ 


0 =, 20h 1 i 2917 See 
ae -.008 ~960R iD on ey 
ahi aon 92¢31 1250 -.725 2k 
nc Soe 887 30 - 22), 71.3 
of 0139 052 1h.d 2130 i. 

iO 0895 819 15.0 0972 2959 

eee _ 983 Restos DAD Se ofo 41 

el 999 10 ew = 997 aie 
1.6 0928 ee Lee - 2250 ee 
a ~790 698 19.9 IE 20 2e 
2.0 588 eo 2050) ooo ons 
BO - 693 59 

4.0 eas lo 

5.9 oli15 » 36 

6.0 968 ae 

7.9 Poe elt 

R.9 ~.995 6202 

@.0 aris 146 


32 





when the terms of Table eipht are plotted in accordance with em:ations 


(62) and (65), for ees ficure 12 is ootained. 

From figure twelve, the times of recombination for .3 rad. ovacklash 
are determined for various values of oo as described in section 3, thus 
describing dividing lines for 6,, En, oD eo ee Ce at recombi- 
nation. Values deterrined are as listed in Table nine. Values of 


Orn Orn, O., ©, were determined fro- equations (f2), (3) and (65). 


es values were determined from equation (2h). 
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Ce GC: 
Tes » AL 37 
» 828 ~1P39 


1982 «So, 

woe ay 

-L 236 « IRR2 

21°97 602 

21196 01,02 

2053 213 

. F463 e268 

2925 See £0265 

.02975 Sey 0366 

0215 9988 sd 

nokels 93283 2053 

~90253 792 09346) 

~050 oe O34 

20126 907 26 20300 

29075 eh 20195 

©9987 - 0044) 0178 

229333 .90138 002969 

<3 690249 aay 29159 
2025 -ONL18 = Ley 01123 


702 299064 =.999519 .9102 


The transient resoonse as determined from the phase olans is tabulated 


im lable ben.: 








For step 
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0 
) 
were 
SULT 


1205 


1.500 


ef 
1.9 
eel 


203 


2.5 


asl 


Taole 10 


displacement input of .16 


Se 
0 


.OOL5 


AOC: 


-0123 


02) 
OO 
046 


Gr t Gs 
aa 
S60 
50 
Dan 
System recombines 
328 lor 
3.9 260 
31 lees 
lie 3 25 
Se 18h 
System separated from load at5.72 .1R2 
Oro => Cae 
é16 6.03 78 
oJ 133 C36 mie 
62055 4.55 wLAR 
System separates at 
seely 6.15 
Soo ayy 6.95 
<2335 


2.9 


Figure thirteen is a phase plane portrait of the system wien it is sud- 


Wected to a step in out of .1*% rad. 


E206 7.35 
lal; 7.55 


wLRLS 7.95 


oe 
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B55 
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R.95 
Oe = O22 
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ape Sie: 
eee 


2150 
oLh85 
Lh8 


eLh92 
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olen 
«L527 
1566 


<e 


The dividine lines are shown to 


have varticularly unusual confieurations for tris svstem characterized 


by no viscous friction in the load, and slisht dampince. The C,. Cy 


dividing line is seen to spiral into the stable focus much like a tra- 


HEC LOT y 
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The ©, Oo dividing line for recombination is seen to consist 








of a series of locos, the to's of which revresent ~ax¥mum Qrerry fed 
bacx fror. the load unon recombination, and the nettoms of wi ich repr 
sent minimum energy fed back. Tris ohernomenon is attributable to the 
existence of a natural veriod for separation which verrmits recom! ination 
velocities to add vectorially, increasing tlhe displacerent of the systom 
immediately after recombination. 

Tre phase trajectcry is seen to senarate load fro~ syster at noi t 

* 

A. hecombination occurs at point #4, and the new ©, e is seat to tag 


plaice at C, a voint of relatively low enerry feedback. ‘he system 


separates arain at i. and recombdines avain when Gr Smal a eee CGC, G& 


for this recoumpination occurs at F, again a relatively low energy 

back, and from this convergence, it is seen t!at ea OC. loons aporomas 

the stable focus, making the system ultimately staple. As in case 1, 

the outout error of the system will be the magnitude of the bacxlash. 
firure fourteen pictures the system ce’.avior in response tc 4a stat 


innut of .9°f, rom this it may be seen that the ©. Gs vos. tiow uooa 


Pecsmbination *s at the top of the first loos, renresenting a maxiiqum 


pase 


whe. 


+ 
\ 


teed-back of enerzy from the load. Ihe load separates fro- the sys 


at A, recombines at F— to preduce a ©. ©. for the recombined -ystem 
at C. ‘the system seoarates ayain at |, and recombines when Gn, is at 


A 


's oefore, it may ss - 


wo 
© 


+» resulting in a recombined ae ath. 

that the system is ultimately stable, however it taxes the sy ter a 

lonrer period to settle from a steno of .%* than from a sten of .1f. 
Fieure fifteen shows the system transient performance to a step 

of .lf and .994. Once apain, this illus‘rates the more osciilatory per-= 

fermaice induced in the system by the snaltler inout, when corcitions are 


favorable for load momentun reinforcement unon recombination, 
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‘utput measured at load, 
Load possesses no viscous friction. inertia distrioution is eq al ize 
between load and system without load. 
Civen system .3 Backlash 


combined. 


(64) ( C.F PR Ose 
* 
System as open loop with load sevarated. 


-- 


Cl 2 Ff Oa eee eee 

Load separately 

(48) ree 

Slones for the isoclines of the combined systen are as tabulated in 
Taole six,Equation (0) and (41) are applicable to system when oneratin 


in the backlash region, and reduce to 


( fre : : 
60 ) Ca eee Fens 2 wee e ae 
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> ea E 


4 he 
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Substituting values of (t) in factors of equat> ore 


in data tabulated in Table eleven, 
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os em FEE (AT Pe 9 
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a Bi OTE 23K j 72-495) 
oh Se Oe LB a ale eee | =h.£25| 
7366 } -2135) | 8.1 | 6751 
o2oh | 220) | eeleedl Oso ea ancr 
PR) | 3302. o 1 aes em. 32 
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S71 | .h29 | ai Ol SeOmled aay 
522 OD wee 2h laid S 
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1219 | ofhl | =3eal| Slegwecke: 
292 | 198 | -hO ofp S5h.0h-24.95 














me 


2 


o2 








(79) and (73) ré#alts 
ee ‘7 (et - 57 en 
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| 1751 2 iS 
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ll | 307 is 
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eS | B. 338 =19° eae 
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| Sant Gent | =k ee 
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=O.) (19.95) “oe com 
-11.15 |19.77| -29) 2a 











‘eurd sictee is a prach of values tabuiated in Va! 
sca.ed for various velues of ©,,. on the Seoeration dividing lines, vai 


of (t) are obvained as described in section 3, which are the times re 


quired for recombination to occur for a snecific Oye. These value 


are listed with corresSponcing vaiues of €,,, 


factors from equations(79) and (72). 
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lable 12 continued 
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fits 75 f,19 2.75 
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a 212505 
2.48 APG -13.4 
3.1 9.58 -15.5 
Le) 19.78 -20.0 


- equation (2h) it is determined that corresponding values of 


for recombination sre as Listed in Table thirteen. 
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Figure seventeen is the phase plane viot of 
dividing lines. 

Tt is seen that a step disol=cemert inout of 1.1h5 spirals into 
a limit cycle with a constant amolitude of 1.930 while a steno displace- 
ment of .057 diverges into the identical limit cycle. 


when the system is onverating in a limit cycle, separation occurs a 


A 


*, recombination occurs when On, Gy is atBand €,,@& is a 
4 

B. The recombined phase trajectory originates from point C on the 

Go. Op dividing line and the system separates again at D. 


Applying stability criteria of section l; yields the following: 


Pie seoaral ion ae Ce aes 986 in limit cycle. 
° } R 


fubstituting inte equation (38), © “= 952! 
Upon recombination in limit cycle, ee 


tubstitutine inte equation (34), C = .51?. 
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CO! DINED SYSTEM TRAJECTORY 
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Firure ( if 7 ) 








Case IV. \utput measured at load. 
Load vossesses no viscous friction and has «reater nart of inertia. 
Given system  .3 rad backlash 
(hn) / Oo 4-2 & + Go = 7 
System as open loop with load separated 
fo) 126, 4:2. 6a02 ee 
Load separately — 
ff) .86, = @ 
Slepes of the isoclines of the combined system are as tabulated in 
Table six. 
‘quations (0) and (1) are applicable to system when operating in the 
backlash region, and reduce to 
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Suostituting values of (t) in factors of equations (77) and (72) 


mesuite in data tabulated in fable fourteen. 
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Table ih continued 
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Bel) eile eeey A aliei? 
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Ba -19 Se hs Gare k 
0 =20 eee 6. el. 


Fieure eighteen is a zgrann of equations (77) anc (79) Times of re- 


combination are obtained from appropriate ordinate scalins of Fir. i” 
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for varios valies of OQ), as was done ir. Case II, W@alues of (GJ 


corresponding to ©), and factors of time solutions for equations (7a 
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““-ure nineteen is the phase vlane portrait of the system. Whe mont 
vite of the limit cycle in this case is 1.15) whicr considering tre 
rafference in inertia distrilution between cases TII ana IV, is not 
appreciably zreater than the 1.030 magnitude of case III. 
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Applying the stability criteria of section to the limit cycle of 


case IV yields the following. 
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10. Case V. Outout measured at Load, 
Load possesses viscous friction. Inertia equally divided between loac 
and systen with load separated. 
Siven system .3 rad. backlash. 
7 O. .4ee e 
System as open loop with load sevarated 
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Load separately 

(Ph) oe & Ts = 0 


To obtain isoclines for the combined systen. 
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To obtain the isocline of the system without load, wiere separation 


of the load from the system occurs, solve for Cz O 
he 


(7) Yn = Dy = =--6 


At instant of sewaration, 


ee 


SE) Om ee nee 


(89 ) 








Letting N2 — 


— 


(9l)arctan Cre 
(/- Ome) 


Equation (lO) reduces to 


Bea 


(92) On = 1 4/265 Ono ~ /49 Om, € 
e — 16 : 
a a a eg ee e Pe Glee G 


Equation (1) reduces to 


=e 


193) Om =z ~ (866 Cre + PEOme © 


Fipure 20 is a plot of G@, @ during separation. Times of recombination 
are obtained from this plot as described in section three. Table eight- 


teen is 3 tabulation of equations (92) and (93) 
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Equation (2h) yields values for @, upon recombiration, as tibuls- 


in lable twenty-one. 
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rig. 21 is the phase plane portrait of ee Cae 
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It is seen that in response to a step input cf .A?, the system separat 
at Point A, recombines when © Q is at point B, and once the 
momentum balance has been satisfied, we for the recombined syst 
originates from point C, reseparating at point D. This trajectory 

Spirals in towards a limit cycle of marnitude .52 while a step input 
of .?3 is seen to spiral outwards into the same limit cycle described 


by points E, F, G andi. 
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mr. «Case VI. 


Output measured at load. 

Load possesses viscous frictior. Inertia equaily divided between load 
and system wit! load sevarated 

Given system 
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System as open loop with load separated. .3 rad backlash 
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voad sevarately 
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Isoclines for the combined. system are identical with those of case V, 
listed in Table seventeen. 

To ootain the isocline of the system without load, where separation of 


the load from system occurs, solve for 
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Values of ©, versus (t) are tabulated in Table 23 
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Figure 22 is a graph of equations (102) and (105). By appropriate 
ordinate scaling as described in section three, recombination times were 
computed as listed in Tnble 24, for corresponding values of Oro 
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Lppiying equation (2h) to satisfy the porinciple of conservation of 


vonding to values of ©,,, uxon separaticn, listed in Table twenty-five. 
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Firure 23 is the phase plane presentation of coy eo y ep ' Cz 


as a combined syster anc when operating in the backlash region. 

A step input of .55 is seen to separate the load from the system at 
A, Recombination takes place when the load is at 3, and the balancing 
of momentum between the load and the system without i:oad, causes Ca 
of the Pein system to originate fron point C. Reseparation occurs 
at point D and the trajectory is seen to spiral into a limit cycle de- 
memed by points Bb, FG and H. 


A step input of .13 is seen to spiral outward to the same Limit 


cycle of magnitude .550 
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E?. ase VIT 
Output measured at load. 
Load possesses viscous friction and the 7reater part of the system 
inertia. 

“iven system 

ie /C, +. 1G. + Coe 

System as oven loop with load separated. .3 rad. backlash 
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Load separately 
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‘soclines of the combined systen are identical with those of case V, 
listed in Table seventeen. 
lo obtain the isocline of the system without load, where separation of 


the load from the system occurs, solve for 
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iable twenty-six lists values of equations (11h), (115), (11%) and ‘117 
for various values of (t) 

Equations (Ll) and (114) are plotted on Fie. 2h and various times of 
recombination obtained from the ordinate scaline method described in 


section 3. 
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Equation 2h yields values for © recombination line as soliows: 


Table 28 


Fimure 25 is the ohase piane portrait of Q@@ Oe « combined 
separated system. A ste» inout of .58 is seen to senarate load from 
system at point:A. The system recombines when the load has decelerated 


to point B, and satisfaction of the momentum balance avain causes ©. 


to originate fron point ©. Feseoaration occurs at point D and the 


trajectory is seen to converge to the limit cycle described by points 


b, K, Gand H: A step inout of .09 is seen to spiral outward to the sam 


limit cycle of magnitude 2220. 
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mes, Case VIII 


Output measured at load 


Load possesses greater part of systems inertia but lesser part of 
system friction. 

Given systen. 

(1b) 4 Go +.460 # Go =/ 

System as open loop with load separated. .3 rad. backlash 

(119) cee Bs Was it oh Orn =f = eae 

Load separately 

(120) oC! Zawy & ae 

Isoclines of the combined systen are identical with those of case V, 
listed in Table seventeen. 

io obtain the isocline of the system without load, where separation of 


the load from the system occurs, solve for 
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Equation (41) reduces to 
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Table twenty-nine is a tabulation of values of equations (126),(12%), 

and (129) for verious values of (t). 

Figure (26) is a graph of equations (126) and (128). Suitable scaling of 
the ordinate yields recombination times for various values of 6, 28 
listed in Table thirty. 

Equation (24) yields values of a upon recombination, es listed in 


Table thirty-one. 
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Firure 27 is the phase portrait of OC. Co. OQ G comoined and sepa- 
es He 


MALE. 
A step inout of .265 is seen to separate the load from the system 


at point A. A recombination occurs when the load has drifted to point 
B, OC. ee. for the recombined system originate from point C. kesepara- 
tion occurs at point D and the trajectory is seen to converge toward 


the limit cycle described by E, F, %, H. A steo of .9? is seen to diverge 


toward the same limit cycle of magnitude .l66. 
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lh. Conclusions. 


7 : ; : 
yy way of recapitulation, the eight considered cases were governed by 


the following equations. 


Case I Q, BoB os 7 O22] 
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Linit cycle 
None 
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Systems were prouped in the above order so tha. similar inertia ratios 
could be inspected as a group. 

when backlash is outside the feedodack loon, the system is ulti- 
mately stable and does not limit cycle, however it is subject to a 
residual steady state error in response to a step input, which error 
may be as preat as the marnitude of the backlash. 

wher backlash is enclosed in the feed back looo, a limit cycle will 


invariaoly result providing the system possesses viscous friction only. 





The majority of cases considered exhibited G,O, @ O,.lines for re- 
? 
combination which approached the origin from slopes of opposite sign, 


as in the following example. 
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It was originally believed that this difference in slopes was a neces- 
sary condition for the existence of a limit cycle and that the minimum 
value of the &, ou line was an indication of the masnitude of the 

limit cycle. either of these is the case. The limit cycle was always 
found to occur outside of the minimum value of the ©, 6, line. Case VITI 


showed the following configuration for the Ee ©, lines in the 


neighborhood of the origin. O. Ox 
Phase Plane | Ge Ee 
Stable 
Focps 
Figure (29) 


This is not inconsistent with oreviously considered cases and is simply 


an indication that the decrease in momentum for both load ard open loop 
svstem are equal for decreasing values of O mo 

The position of the syster without the load, at recombination, for 
various initial separation values of G,,, possesses a characteristic down- 
ward bow as in the followinr: 


Phase Plane Stable eck 


o ee 


Figure (30) 
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It was or.pinally believei that there rigpht oe some correlation detween 
the existence and mamnitude of the limit cycle and the position of miri- 


mum value of the G@ ©, recombination line, however no correlation was 


£7? 
Pound to exc st, 


The shape and location of this Orn On line varied from system to 


system with varying frictional and inertia distributions, however it always 


possessed a minimum value and its most characteristic feature was the up- 


ward hook in the third quadrant which corresponded to small initial Ov mo 
values for the separated trajectories. 


Of most significance are the graphs shown as ficures (31) and (3?), 
Fipure (31) is a plot of the marnitude of the limit cycle versus the 


Poiction of Load ratio 
Friction of System 


when (a) the inertia of the load op) was equal to the inertia of the 
system without the load oe and when (b), a. = ae 
The steev upward slope of the magnitude of the Limit cycle with decreas- 
ing A fm values is of interest, clearly demonstrating that the chanre 
3 
in frictional effects in the load is much more pronounced when the load 
possesses the preater part of the inertia. This is illustrated by the 
fact that the we pe line -erosses je ae line at low values of 
oie 
/ 6 
Ficure 32 is a olot of the marnitutge of the Limit cyc.e versus tie 
ef ratio for three different frictional distributions. This rraph 


presents the seme information as figure (31) but in a different marner. 
S/S ; : ; 
eee line with change in 
(aL cye 

frictional cistribution. «hen the load vossesse. the -reater nart of the 


Most noteworthy is the charge in slone of the 


; ; $ eT G > imi ye} 
trvetion, an inercase ir the ys ratio “ecr¥aSes the limit evele 
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terers Wen the lold possesses considersbly less damping than the system, 
n increase in the msgnitude of tho limit cycle is the result of increasing 
the J /Sn ratio. 

The overall system camping is seen to have the most effect in moving 
Ye. / Sm 
sake cye. Curves upward or downward while the individual F,/F,, ratios 
determine the slope of those curves, 

From this, the following generalizations for design may be made 
for the purpose of minimizing the magnitude of the limit cycle: 

If the system damping is small, 2 Pury, <2 une IL/J,, ratio 
snould be made as small as possible when backlash is included inside the 
feedback loop. 

If the system damping is somewhat greater, RBu, Zr o4- 9 the Jae 
ratio should be made large, and a further reduction in the limit cycle 


may be echieved by placing the preponderance of damping in the load, This 
is quite feasible, and would be the case when a tachometer used in feedback 


is attached directly to the output shaft. 
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herecs ween the loud possesses considorebly less damping than the system, 
n increase in the magnitude of tho limit cycle is the result of increresing 
the Jy /Sra ratio. 

The overal] system camping is seen to have the most effect in moving 

Ve. / rg ; s.: 
the TF  cye, Curves upward or dowvnward while the individual FL /F ny ratios 
determine the slope of those curves, 

From this, the following generalizations for design may be made 
for the purpose of minimizing the magnitude of the limit cycle: 

If the system damping is small, 2 fun Lune IL/s, ratio 
snould be made 2s small as possible when backlash is incluced inside the 
feedback loop. 

If the system damping is somewhat greater, Roun, Dy ot » the J,/T 
ratio should be made large, and a further reduction in the limit cycle 
may be achieved by placing the preponderance of damping in the load, This 


is quite feasible, and would be the case when a tachometer used in feedback 


is attached directly to the output shaft. 
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